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Abstract 
Due to the complexity of joints and the difficulty to get accurate position measurements, most biomechanical analyses 
regarding cycling are based on some basic assumptions. For instance, a fixed distance is often set between the hip joint and the 
seat. Sometimes, this joint is considered to be coincident with the line of the seat-tube. Other times, the leg segments (thigh, 
shank and foot) are assumed to have a constant length. Any of these may have an effect on the dynamics of the system. This 
paper presents the consequences between using three different ways to calculate the inertial effects on a leg while cycling. In 
each case, the system is a 5-bar linkage composed of three leg segments (thigh, shank and foot), the pedal and a ground element 
(seat-tube or crank spindle). The differences between them lie on how the hip is connected to the seat and how the position of 
the leg segments are set at each instant of the pedalling cycle. One of the methods considered anthropometric tables, a hip fixed 
to the seat, and a polynomial function to relate the position of the thigh and pedal. The second approach uses skin markers 
together with a hip joint moving co-linearly with the seat-tube, while letting the segments change in size. The last one is based 
on anthropometric measurements and a freely-moving hip joint. For this one, the position of the knee and hip joints are based 
on markers in such a way that the lengths of the links are fixed. The results between the three methods are compared and 
discussed. One of the methods seems to reflect reality better than the other two. 
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1. Introduction 
Most of the work regarding bicycle modelling and optimisation has been based on the assumption that the hip is 
fixed or has a constant distance to the seat (Hull and Jorge, 1985; Redfield and Hull, 1986; Papadopoulos, 1987; 
Hull and Gonzalez, 1988; Newmiller et al., 1988; Gonzalez and Hull, 1989; Kautz and Hull, 1993; Kautz and Hull, 
1995; Yoshihuku and Herzog, 1996; Höchtl et al., 2010; Koehle and Hull, 2010; Rankin and Neptune, 2010; Rico 
Bini et al., 2013). This has been almost always followed by the assumption that the kinematic links have fixed 
lengths and revolute joints in the hip and ankle. More recently, the knee tends to be an exception (Koehle and Hull, 
2010). Also, many assume a constant angular velocity of the crank (Hull and Jorge, 1985; Redfield and Hull, 1986; 
Hull and Gonzalez, 1988; Newmiller et al., 1988; Gonzalez and Hull, 1989; Kautz and Hull, 1993; Kautz and Hull, 
1995; Erdemir et al., 2007; Höchtl et al., 2010; Rankin and Neptune, 2010), which has been generally produced by 
means of a sinusoidal function. This type of assumptions are made due to the difficulty of getting accurate non-
invasive measurements of force, density and geometry (Erdemir et al., 2007; Klein Horsman et al., 2007), but may 
affect the results of any analyses or optimisations regarding cycling dynamics based on those models. For example, 
the ones used for the design and tailoring of bicycles or cycling techniques which need customised results for a 
single person. 
Any study aiming to analyse or predict the forces that a person provides to a bicycle requires to assess the 
inertial contributions of the system. This is because the kinematic conditions of a system affect the vectorial 
components of its general forces (linear and angular momentum). This assessment is necessary to understand why a 
given configuration requires more or less energy expenditure. 
The present work compared three ways to account for the inertial forces and angular momentum of the lower 
limbs in the sagittal plane. A new way to assess the centre of mass and moment of inertia of each segment (section 
3) has also been used in an attempt to get more personalised values than anatomical tables. The results give insights 
about the consequences of choosing different ways to assess the dynamics of cycling. 
2. Methods 
For this study, a person 1.80 m tall (H) and weighing 70 kg was video-recorded at 25 fps while cycling freely on 
a stationary bicycle. The bike had a crank length of 17.5 cm, a seat-tube angle of 17.75° from the vertical and a 
seat at 77 cm from its crank (spindle) axis to seat top, following the seat-tube angle. Three markers were placed on 
the thigh, three on the shank and two on the pedal (Figure 1.a). The motion of the markers was captured using 
Tracker 4.81 (Brown, 2009). For the analyses, two contiguous cycles were selected where the components of 
acceleration of the distal marker on the thigh and the angular velocity had a more constant mean and amplitude 
compared to the rest of the data. This meant a mean angular speed=7.11 rad·s-1 (min.=5.29 rad·s-1; max.=9.12 
rad·s-1; std. dev.=0.98 rad·s-1; almost sinusoidal) for the crank. A linear regression (LinReg) was performed on the 
markers of each segment and the pedal using Scipy's ODR (Oliphant, 2007). Both LinReg of the pedal and seat-
tube (ST) used the crank axis as starting point. The LinReg of the pedals went to the mid-point of the pedal 
markers, and the LinReg of the ST to the top of the saddle (Figure 1.c). 
The first method (Kin; kinematic method) considered the hip to be fixed and coincident to the saddle of the bike. 
It also fixed the length of the segments of the leg (thigh: 0.474 H, shank: 0.246 H, and foot: 0.152 H) by means of 
anatomical tables (Contini, 1972; Winter, 2004). This method was inspired on the works by Hull's group which 
used a Fourier series to relate the angles (ș) of the crank and the foot. In the present work, ș of the LinReg of the 
thigh (TH) and pedal was used to get an 8-degree polynomial regression (PolyReg; sum of squares error=9.71·10-3, 
residual variance=215·10-6; relative error=3.11·10-14). Such a relationship allows to have one independent variable 
instead of two when solving the kinematic equations. The position of the crank was given by the angle of the vector 
going from the crank axis to the pedal in the video (Figure 1.f). 
The second method (Inters; intersections method) used the slope and intercept of the LinReg from TH, the shank 
(SH), the foot (FT) and the pedal to find the intersections among the adjacent links: TH is intersected by ST and 
SH; SH by FT and TH; FT by SH and the pedal; the pedal by ST and FT, and ST by TH and the pedal (see Figure 
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1.d). The length of these intersections varied through time and were considered to be the links of the kinematic 
chain. 
a  b  c  d  e  f  
Figure 1: Cyclist with markers (a); CM and nomenclature of the three models (b); linear regression (LinReg) together with original data points 
(c), Inters (d), Proj (e) and Kin (f). 
The third method (Proj; projections method, shown in Figure 1.e) used the same slopes as Inters. However, the 
length of the segments were set by the anatomical measures described by Durkin's team (Durkin Teague et al., 
2005; Durkin and Dowling, 2006). For the participant, the length of TH was 42.5 cm, of SH was 41.5 cm and of FT 
is 14 cm. The starting points were: FT at end point of the pedal; SH at the end of FT; TH at the end of SH, and both 
the pedal and ST at the crank axis. 
In order to calculate the values of force (F) and angular momentum (M) due to inertia, the mass (m), centre of 
mass (CM) and mass-moment of inertia (MI) need to be determined for each segment and for each model. The 
method used here to estimate them is a further development from the work of Durkin's team who propose and 
validate individual shapes to estimate these variables for TH and SH based on anatomical measures (see Figure 2). 
Here, one was proposed for FT as well, and analytical expressions are provided to calculate CM and MI of all 
shapes. 
All the velocities are calculated among two sequential positions of CM of each segment for each model (a 
position for all the segments and models is shown in Figure 1.b). The linear velocity used the displacement vector 
from the initial to final positions of CM, and divided it by its corresponding time increment (ǻt). The angular 
velocity of a segment was calculated by taking the angles with respect to its own CM in the initial and final 
positions, and dividing the change by ǻt. The linear and angular accelerations of each segment were calculated 
using two sequential velocities and dividing them by the total ǻt between them. Finally, the values of linear 
acceleration and mass were multiplied to obtain F, and the angular acceleration and MI to get M. 
a   b   c   d  
Figure 2: Shapes of the general elliptical frustum (a), shank (b), thigh (c), and foot (d). 
2.1. Mass, centres of mass and mass-moment of inertia of the leg segments 
The three models shared the way to calculate m, MI, and CM of each segment of the leg. For this, the density of 
the person and of each segment were calculated according to the plots reported by Contini (1972) and Winter 
(2004). Also, every segment was modelled as specific types of elliptical frusta (Figure 2). The equation of an 
ellipse is shown in eqs. 1, where r is the radius of the ellipse, b is the minor semi-radius, a is the major semi-radius, 
and a point on it is given by the x abscissa and y ordinate. 
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            (1) 
             (2) 
The semi-radii are considered functions of z (the distance in the proximal-distal axis). In each case, x is set in 
the medio-lateral axis and y in the anterior-posterior direction. Here, ș is the orientation of the vector going from 
the origin to a point on the ellipse. The slopes are ma and mb, while ba and bb are the intercepts of the major and 
minor semi-radii in the x-z plane, respectively. 
With this, it is possible to derive an equation of volume (V) for an elliptical frustum (Figure 2.a) in terms of the 
semi-radii at the proximal side (ao and bo), the ones in the distal side (af and bf), and the starting and ending 
locations in z, zo and zf  (eqs. 2). The same notation can be used for its centroid in z (]ժ ). Since the volume is related 
to the mass by the density (m=ȡ9), these equations can later be used to calculate m and MI of an elliptical frustum 
(III). In the calculations of III, the origin should be reset at the centroid (change zo and zf  accordingly) when 
calculating  the distance p2(x,y,z) to the differential of mass. The full elaboration and resulting expressions (eqs. 2) 
were developed, but are not shown here in the interest of brevity. 
3. Results 
The results are summarised in Figure 3.a. Since the two cycles were qualitatively the same, only the second one 
is presented there for the sake of visual clarity and space. It shows the difference in M and F for both horizontal 
(Fx) and vertical (Fy) directions (as shown in Figure 1) for the three models by segment. 
Kin exhibits artefacts for FT, SH and TH. These occur when the crank is going from almost horizontal in the 
back (next to 14.2 s in Figure 3.a; 180° in Figure 3.b) to almost vertical in the top (100° in Figure 3.b). They 
appear when the angular velocity goes from negative to positive in a short time. They are most evident in M of FT, 
where almost all the values reach a higher scale than Proj and Inters. This scale is comparable to the one of M 
values of SH. 
The difference between M for Proj and Inters may be of more than twice for the foot (Figure 3.c), but its 
absolute value is almost negligible. The rest of the segments exhibit nearly uniform behaviour for this variable 
between Proj and Inters. One should also note the 10 to 15 fold difference of M between TH and SH for Proj and 
Inters which may be even greater for Kin. 
In terms of F, one can see in Figure 3.a that Fy follows the same trend (with a different scale between the 
segments) for each separate model. The same happens with Fx. However, Proj shows a bigger amplitude for its 
oscillations than Kin and Inters for TH and SH, and its magnitude is almost always bigger than Kin and Inters. 
The artefacts of Kin occur synchronously with the ones in M. However, Fy of Kin does not follow the artefacts 
for FT. Nevertheless, it has different behaviour around 14.36 s compared to Inters and Proj. This occurs in-between 
values of M which are higher than 0.7 N·m. 
4. Discussion 
Since each segment has the same angle for Proj and Inters, the difference in their M is due to their change in 
length from one model to the other. It is interesting to see, however, how similar Fx and Fy of SH and TH are. As 
depicted in Figure 1.a, the cause for this may lie in the fact that the CM of both move in a very similar way, and are 
not very far from each other (compared to the foot), especially in x. 
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Figure 3: Fx , Fy  and M in the second cycle for the foot, thigh and shank (from left to right) for the three models (Proj, Inters and Kin) showing 
artefacts (a); angular position of the crank where the artefacts occur (b), and inertial angular momentum of the foot for Proj and Inters (b). 
About the artefacts, one should keep in mind that the values of M are calculated with respect to each segment's 
CM, and that small changes in the angle between two subsequent instants can easily result in large accelerations. 
This is especially true when two adjacent values of velocity go from positive to negative, which is the case of the 
artefacts. The kinematic equations only provide a mathematical way to solve the kinematic chain which is 
independent of velocities or accelerations. Therefore, it may be possible that the PolyReg is responsible for the 
artefacts of M for Kin. However, this seems unlikely due to the statistical goodness of the fit, and because it only 
provides plausible positions which can be solved by the kinematic equations. Therefore, it is more likely that an 
increment in the sampling frequency of the markers, that considering a constant angular velocity or that changing 
the assumption of a fixed hip would result in less peaks. It would be insightful to compare the results here to the 
motion and dynamic consequences on the thigh when PolyReg is performed between the crank and the position of 
the foot instead of the thigh. 
Beyond that, it seems that the angular position of the foot has significant effects in the rest of the leg 
biomechanics while cycling, at least in terms of inertia. The artefacts of Kin seem to start in the foot and propagate 
throughout the kinematic chain, except for Fy of FT. The latter may be related to the phenomena observed in other 
studies (Savelberg et al., 2003; Litzenberger et al., 2008; Sanderson and Amoroso, 2009). Further research is 
needed to determine which method is more accurate and to compare their results for the rest of the dynamics, 
especially the total force and power provided by the rider. 
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5. Conclusions 
The results are useful to see how reasonable and purely mechanical assumptions can result in severe 
biomechanical differences in the dynamics of lower limbs while cycling. Although it is computationally 
convenient, the results show that combining a fixed hip and fixed length of the segments (Kin) lead to artefacts and 
is away from reality. Furthermore, it would not be able to describe situations where the rider is not seated either. 
The method that allows the hip to move freely (Proj) does not allow a change in length of the segments, yet 
produces smaller artefacts than assuming a fixed hip and fixed length of segments together. The method that 
considers flexible segment lengths (Inters) only allows restricted movement of the hip joint. With this, it gets 
closer to reality, because the segments do change their observable shape while moving (even when the bones 
actually do not)—with inertial consequences—and still follows the real motion more accurately. Therefore Inters is 
more recommended for seated scenarios. 
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